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A natural extension of Isaac's formulation [1] leads to differential games which
are described by differential equations with aftereffect and as regards information
are determined by information on the whole prehistory of the game, In this paper
relating closely to the investigations in [2 - 10], the emphasis is on the proof

of the existence theorem for the value of the differential game in such an extended
formulation, We examine a differential game of prescribed duration with a pay-
off given in the form of a functional on the game's trajectory, The differential
game is approximated by a certain family of multistage games, We consider two
sequences (minimax and maximin) comprised of the minimax and the maximin
values of the payoff in the multistage games, Conditions are obtained under
whose fulfillment these sequences converge and their limits are equal, The proof
of the convergence of the minimax and maximin sequences is carried out by a
scheme suggested by Fleming [2], The proof of the equality of the limits of these
sequences is based on the results of Krasovskii and Subbotin [8, 9],

1, Let X be a Euclidean space, /> and () compact subsets of X, [0, 01 a specified
time interval, C [0, t| the collection of functions z =  (s) continuous on [0, T}
lz| =V zz, (). = max [z(s)
(IR
P—={t,z(s:0<s<Ct):t =10, 8] z(s) = CIO, ¢t}
Pl {(t, z(s:0<<s<C t)):x(s) =CI0, t])

Let / be a function, continuous on I* < /> X (@, with a range of tue values in X,
F be a functional continuous on {0, O]. The sets P, ( are the players’ control regions.
& is the prescribed instant of the game completion and f is the right-hand side of the
equation of motion
T ()y=fIt,z(s:0<s<H), u, v ne P, o= Q) (1.1)

Player I, having the control u = /7 strives to minimize the value of the payoff
functional #, player II, with control v = O at his disposal, pursues a contrary purpose,
The players know the function f, the sets /?, (J, the functional ¥, and the instant ¢
of the completion of the game, Both players are given full information during the game:
at each current instant ¢ they are informed of the value of the variable ¢ and of the
portion z (s : O <C s < t) of the trajectory realized by this instant,

The following requirements are imposed on the function f, the sets £, (), and the
functional F:
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1, Forafixed p = I, foranye = X,

minmaxef|p, u, v] = max minef [p, u, v
uel req v=Q usP

2, Forevery p = I’ the sets f Ip, I, vl, fIp, u, Q] are convex,
3. There exists A > () such that

il ys:0<s<t),u, vl —flt, z2(s: 0<Ts <), . vl <
<1&Hy(8)~2(3)lh

forall ¢ «= [0, O, y (s), 2 (s) == C 10,0], u = P, v = Q.
4, The function / is continuous on I’ P > Q in the sense that
Tl 2, (5:0<Zs <ty iy, v ]—-flt a(s: 05 <t), u, V]
as
L=ty |20 (5) — 2 () o — Oy tn—-tty Un-—v.

5. There exists A/ > O such that|| f{|<C M on P > P >
6. There exists L > () such that

(5:0<s<N — FlzG:0< s <Lyl —20) o
for all y (s), z (s) = C [0, V).

Such is the informal description of the differential game I' being analyzed, However,
a direct investigation of the existence problem in the continuous differential game meets
with insurmountable difficulties connected with the necessity of restricting the players
to such behaviors u - u [, z (s : 0 < s<Ct)], v==v ¢, 2 (s:0<s<t)] which
would guarantee the integrability of Eq, (1.1), These difficulties can be overcome by
going to a discrete formulation, Here the original differential game is approximated by
a certain family of multistage games, Two sequences (minimax and maximin) comprised
of the minimax and the maximin payoff values of the multistage games are considered,
If these sequences converge to some common limit, this limit value is called the general-
ized value of the original differential game I’

2, Let X be the collection of coverings of the interval [(), ] by a finite system of

contiguous intervals [¢;_;, ¢;]

0= << << ... << =1
Let ¢ be the general element of set =, ! (5) be the number of intervals [¢;_;, ¢;] in
covering s, | 5| be the largest of the lengths A; = #; — 2;y, P’} =- P [t;leLet 4,
B be arbitrary sets, The collection of single-valued mappings of set A into set B is de-
noted [4 — BJ.

Let us formulate the definition of the family {I's : 0 = X} of multistage games 1’
by which the original differential game 1" is approximated, The multistage game I,
of duration n = - [ (o) stages is described by the equation

(@)= (o)) E— o) ey, (s O <lt), uy, ) o
(t= Nl &1, = Py vy 20, 1<<i<In =D
The payoff is given by the functional £'.Player I, having the control u = J’, strives
to minimize the value of functional /; player II, having control v & (/ at his disposal;
pursues the contrary purpose. The players know the function f, the sets £, (J, the cover-
ing 5 and the functional F'. Both players are supplied with full information during the
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game: at each stage { they are informed about the position (f,_y, z (s : 0 < s <
<< t;.1)) realized by the instant of this stage, This information permits the players to
= lia y 8 p play
shape their own behavior in the form of the functions

Uy = Uy lti,l, X (S 0 <6§ ti*l)] = [Pi—‘] —_ P]

vi =i llig, 2 (s 0s<ti )] E Py — QI

The sequence {u;,..., U} ({vy, ..., Un}) of such functions is called the strategy of
player I (II),

Together with I'; we consider the multistage games 1'.. The majorant 1's™ (minorant
Fo‘) is defined analogously to I's with the only difference that here at each stage §
the second (first) player chooses his own current control having already been informed of
the choice made by his opponent, The strategy of 1 (1) in I';* is the sequence of mapp-
ings - ; .
ng uy 1Py~ Pl (i = [PigXP->Q)) (<in
The strategy of 1 (I) in I';™ is the sequence

i =[Py xQ - P 0= [Py~ QD) A i

In the continuous formulation, to the game I's* (I';”) there corresponds the differential
game I'" (I'") with the first (second) player having discrimination [11],
We see that the minimax value of functional F' in game 1%

min ... min
weE[ Py—P] une[anlaP]
max ... max ' lz(s: 0<s <))
v Po—d] UHE[Pn—l_’Q]

coincides with the minimax value of & in game [;*

min .. miu
s [Py—P] unG:[P n-1—P1l
max .. max Fla(s: 0<<s<< )]
e[ Py(X)YP—0] ‘I'nE[Pnél(X )P—v(\)]

We denote this common minimax value by [';* =V * {xy). The maximin payoff value
common for games 1';, 1'5” is denoted V= <= V™ (zg)-

Let us agree to denote arbitrary functions from C [0, t] by y (¢) or z (1) keeping
the notation z (f) for the trajectories of Eq, (2,1), We set

VAL* = min max ... min max, VAL, = max min ... max min

weEP vl el rel neQ uesP T EU u P
VAL® = VAL, "

Theorem 1. LetConditions 4 — 6 be fulfilled, Then in the games I';* there exists

a saddle point, and the values }7j- of these games satisfy the relation

Vol () = VAL, "Flz(s: 0<<s<<®)]  (n=1() (2.2)

Proof. The reasoning is based on the consideration of the funtions V(0 < i < n)
defined by the recurrence relations

Vorn (st 0Cs S = Fly(s: 0 <5 <)
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ngi_l (s 0<s <y )] = VALfV;;i [ye (s: 0 < s 8]

where y, () = vy, (% u, v) is a continuous prolongation of the function y (¢) & C[0, ¢,_,]
on the interval [0, ¢;], given on [%_,, ;] by the formula

Ye W)=yt )+t — 1) fltiyp Yy (st 0<s t 4 u, )

By the very same inductive scheme by which the proof is carried out of the Zermelo -
Neumann existence theorem in positional games [12], we convince ourselves that V;{i
[y(s : 0 < s << #y))is the value (payoff) of the game T, corresponding to the position

(4, y(s 1 USS SS 4) as the initial position, The payoff Vc"—' is simultaneousty the mini-~

0
max and the maximin value of the payoff in I‘:—,},. Therefore, Vé’f()[:co] = Vci“(zo). Now

(2.2) ensues from the definition of the functions V;ti.

3, Here, after a number of auxiliary assertions, we establish that when Conditions
2 — 6 are fulfilled there exist the generalized values
Vi@ =1limV,5(z) as |s|—0 (3.1)
of the differential games ['*,

Lemma 1, Let ¢, @2 be scalar functions, continuous on (P X Q)*. Let @ be
the maximum deviation | ¢; — @2 | on (P X Q)*. Then

l VALkﬁ(PI (u'l’ Uy oo vy Upy vk) - VALk"t(Pz (') | < a

For k = 1 the proof of the lemina is immediate [13], while in the general case it is
achieved by induction, We say that the covering 5’ £= X contains the covering ¢ &
= Z,if every interval [¢,_,, t,] & o can be represented as the sum of m; > 1 of
intervals [t; ;-;, £;,;]1 & & in such a way that

tig =ty 0<ti1<...<liym=lt (A<i<n=1()
Ayt T AL =8 (A=t — 1 )
my4 ... tmy=m=1()
Let 5’ = 5.Consider the function
Ve alyc:0<s <) =F [y (:0<<s<< M)
Vaio i ly(s:0<<s <)l = VALEV, o i [ (5: 0 << s <)

Here and subsequently y* (¢) = y* (f; ¥y, Vi,--+r Um;» Um,) is a continuous prolonga-
tion of the function y () & C [0, ti-y) on the interval [0, 1| defined on [£;-;,
t;] by the formula

PO =yti) -+ E—tio) D Ay i/ A f by y(s:0<s<tiy), uy, vl

1<j<m,
D T, P P -
We set | For = Vg We note that if 3 = 0, then
+ i -+ -k
Va, o', i —- 1 3, i1 L g, " — a

Lemma 2., LetConditions 3 — 6 be fulfilled, Let 5° @ 5.Then the functions
VT, satisfy a Lipschitz condition on C [0, ¢;] with the constant LeK?,
Proof, Let us show that for each 0 <{i <Cn
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[V

o, s’ i

s O ls D) =10 L s 0 T <a iy —s (01, (39

where
a, =L, o =(1+4+KA)a, 1<i<a (3.9)

This is true for i == n. Reasoning inductively, we assume that (3,2) is valid for some &,
Under this assumption we prove (3,2) for ¢ — 1. By Condition 3, for every s {1, . 1|
3

It — A OI<lvt ) — =00+ D) A K@=, =

1<\’i<m

=1y () = 2 ) I+ ARy () =2 @), <O+ KA ==,

-1

From this and from the inductive assumption we find that

IVC, o, 1 (R (52 0T <C2y)] — Ic o, 1 15 (s 008 ':~7?lﬂﬂ<\

< a,max {|y(s) —«-z(S)II,H, {1+ KAy (s)— =) “{ =
=a (KA} g{)—2(9)"
for any (u;, vy, -« »y Um; Umy) € (P X QY% Tue validity of (3,2) for £ — 1 is explained
by Lemma 1, Relation(3,2) 1s established, All A; >0, Ay + ...+ A, =0, there -
fore, as a consequence of (3, 3),
Ay T < a0 = (1 KA. (L RA )L L A K/ n)" < TeK?
Replacing a; in (3,2) by the constant LeX®, we arrive at the lemma's assertion,
Let A (z) be the collection of functions Z {¢) absolutely continuous on [0, &l.con-
strained by z (0) = a, [z (f) | << M. By (A, ) we denote the maximum of the de-
viation
1l 2(s:0<s<?), u, 0] — flr, 2 (s: 0 < 8L ), w4, VY
overall | — v | <A, z(s) = A (x), (v, v) =P > Q. Inaccordance wiu Condi-
tion 4 the function (A, z) is continuous on |0, ) X X. Furthermore, w (0, z) == 0,
Lemma 3, Let conditions 3~ 6 be fulfilled, Let ¢’ = 0. Then for any z == X.

Vo (@) — Vi (@) << 1O
Q= 2WeE? 5] | (¥ —1)/K (3], )
Proof, Together with the trajectory # (£} of the equation
My =x(l )+t )T s 20 )y o]
telty o 4L weP v, EQ A Im, 1<ign)

we consider the trajectory ¥ (¥) defined by the equation
vy =y, _g+0¢—1_) 2 By 1At v 0T <Thyy) g 0 9 4

1= my
L= LN AN w, =P, v el Lgin)
and the initial cordition ¥ (U) = x (U} == 2, On the basis of the inequalities
71t (s 0Ls <K, s o) — [Ty (s: 0T 1)y 1y 9]
i 0Cs <t w, o)1, 20 0 KT), w, 0) |+
A s Ot o] — [ 7 y{m OCs<C), 1, vl
Loft—rtl a4 Ao —x25; (3.4
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le) —y@OI<2M [t —=T|+ |z (@ —y @]
lz (&) =y (&), <2M 5]+ Oll\<léill z (1) —y ()l (3-5)
it is easy to show by induction in i that

max “x(tj) - y(tj) | <8,

0 i<i ¢

=0, b =(-+EA)b_ -+ A, [2KM|3|+0(s] )

0 <i<n) (3.6)

We set
¢, (3) =,/ [2KM 5|+ w (|G [, zo)]

Then the quantities ¢; (0) satisfy the recurrent relations
¢ (s)=0, ¢ @)=+ KA)e;  (0)+ Ai 1<<ign) 3.7)

These relations permit us to represent ¢, (0)in the form

e () =B+ ... +A)+ K (MAe 4. . +AA +
dABs . A AA A A KA LA

Hence ¢, (0)<en (0 (7)), where o (n) is the covering formed from n intervals lg_y, 6l
of same length A; = ¥ / n. Substituting A; = {9/n into (3, 7) we find

e, M) =1+d+K0/n)+.. .+ +KO/n)" O /n=
=[A+K8/n)"— 11K <(X®—1)/ K
This leads to the following estimate:
b, <[€F® — 1)/ K[ [2KM | 6]+ 0 (5], 0]

Hence, from (3.5), (3,6) and Condition 6 it follows that
[2() —y ) e < Fla (s:0<s<H)] — Fly(s: 0<s <P < L
for any
(1,1 VL1 ey Uy gy 2 Uy ) E PxXQ™
On the basis of Lemma 1 we obtain
| V() = VE o (2) | = | VALEF [2(s: 0 <s <)) — VALE F [y (s: 0<s < 9)] | < LQ

The lemma is proved.
We set
2, (0)={0": 03, 1(0")=1(0))

We denote the general element of the set X, (5) by 6,. Let [1;,_;, T;] be sequentially
contiguous intervals comprising the covering G,
6i = Tj; — Ti-l, Y [5, G*] = Imax |tL —_ Til
o<isn
Lemma 4. LetConditions 3 — 6 be fulfilled., Then there exists a non-negative
scalar function D (0, 64, Z) such that for any g= 2

| VoE (@) — Vo™ (@) | < LD (6, 64, 7) (3.8)
lim D (o, 64, 2) << 2MeK® | 5| 3.9)
elo, o]0

Proof, Together with the trajectory = (£) of Eq. (2,1) we consider the trajectory
y (8) defined by the equation



180 M,1.ALekse lebik

YO =y )+t =T )1 v 0<s <t uy, 0]
telny vl €l v,€0Q 1<in)
and the initial condition ¥ (0) = » (0} = =, Using (3, 4) jointly with the inequalities
[, — 8,1 <20 [5) 6]

z(s)—y(s )”/ L 2M 6|+ Mo (3, 3,) —[—012?1{1[]36 (t Jy—y(r ) 1 {3.10)
by an induction in { it is not difficult to establish that
max [z () —y(¥)i<d;, (O<i<n) 3.11)
o<
do=0; d,=(1+KA)d,,+A0( [6, Gul. o) +
4+ 8,KM(2]5] 4[5, 0,]) +2Mp [0, 34 (3.12)

We set
D (6, Gy T0) = di (5, 5o 20) -+ M (215 |+ £ 15, 54))
Then by virtue of (3,10) and (3,11)
() =y (s <D (3, 04 20)
[Flz(s: 0<s <O —F [y(s: 0<s SO LD (5, 540 20)

for all (u,, vy,..., up, vp) € (P X Q)". From this and from Lemma 1 we derive (3, 8).
To be convinced of the validity of (3, 9) we consider the quantities ¢;* == d;* (o) de-
fined by the formulas
d* =0, d*=(+KA)d] +20KM|s| 1<i<n (3.13)

Comparing (3,12) and (3,13) and keeping in mind that
w{h, 20)—0 as A—0 (3.14)

we conclude that
d, (3, 5y, o) —d *(3) for p[s, 5,]—0

Now (3, 9) follows from the estimate
d,*(o) < X% —1)2M|s|
Lemma 5. LetConditions 2 — 6 be fulfilled, Let 0’ == 3. Then
Vot (2) > 17, o (2), Voo < Vs, o (2)
Proof, The inequalities

VESVE g v, < V; (3.15)

B LI
s,6',1 0,02

are true for { = n. Their validity in the general case is established by the same induct-~
ive reasoning which Fleming employed to prove Lemma 3 in [2], When i = 0 the in-
equalities {3,15) turn into the relations called for in the lemma,

Theorem 2, LetConditions 2 — 6 be fulfilled, Then the limits (3, 1) exist and the
convergence is uniform in  on every bounded subset of space X and the limit functions
V& satisfy a Lipschitz condition on X with the constant LeK?®,

Proof, lLet

5y = {5 5" = K, I3 2 1(5)),  ste TF(s)
5,6 ={"s"<3, 6" Cs% {57 =1()}
Let g, (0, 0%) be an arbitrary covering from 2 (o, ¢¥), subject to the relations

Sx (5, %) & 0* (3.16)
Loe (5, 0*)=1(3) (317
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Pls, 04 (3: 6¥)f= min p s, ¢"] (3.18)
o"=Z(a, a*)

On the basis of Lemmas 3 — 5, (3.16) and (3.17),
Vi (@) SVt (@) + LR+ LD (5, 5, (5, 3% )
In the following three relations the limit in the left-hana side ranges over all 0* &
& Z* (0),}0*| — 0. According to (3.16) - (3,18),
limp [, 64 (5, 5*)] =0
Therefore, by virtue of (3, 9),
lim VY, () <V,* () + LQ + 2LMeX® |5
But for any fixed 0 & =
T V3, =Timpy V" (2)
Consequently, for every 0 € 2
Timy, o Vot (2) SV, (2) + LQ + 2LMeK® 5|
However, in view of (3,14) the sum Q 4 2 MeX® | o | tends to zero as | 6 | — 0. Hence

fim V,*(z) < lim V * (2)
lo]—0 [um

By the same token the existence of the limit V+ () is established, The proof of the ex-

istence of the limit V= (x)is carried out analogously, The rest of the theorem follows
from Lemma 2,

4, Here we show that when Conditions 1 — 6 are fulfilled there exists a generalized
value V = V*+ = V- of game I'.
Lemma 6, Letconditions1 — 6 be fulfilled, Then for each ¢ — X the limits

Voo ily (s: 0 <s <<8)) = limooo, jorja Vol 1 [y (51 0 s <8y

exist and are equal, the convergence is uniform in ¥ (s) on every compact subset of
the space C [0, ¢;], and the limit functions Vg ;, ¢ satisfy a Lipschitz condition on
C 10, ¢;] with a constant LekX$,

Proof, The lemma is true for i = n. Reasoning inductively, we assume that the
lemma is valid for some i. Under this assumption we prove the lemma for i — 1. First
of all we note that on the basis of Lemma 2 it is sufficient to convince ourselves that for
every y () € C10, ¢, ] the limits ¥, , ; , exist and are equal, Having fixed ¥ (s) €
e Cl0, #_,l, by & we denote the collection of functionsz (s) &€ € [V, t;],each of which
coincides with y (s) on U, ¢;_,I while on [¢,_,, t;] are subject to a Lipschitz condition in
8 with constant M.We set

i-1°

+ b
et =z(]sx)lé)é [V, 0,402 (s: 0<Ts <t)| — L;?a’,i [2(s: 0< s < 8] |
Then, according to Lemma 1, the deviation
[V, im (s 0T <8 )] — VAL:n_i Voo, i [¥*¥ ()=
=] VAI‘%i V;L:c', Sy — VAL:,—;i Voo [0 ()]
does not exceed &+

Let us now consider, on the interval [¢, , ;] a certain auxiliary differential game I'*.

—-17
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The game I'* is described by the equation 2™ () = [* (u, ©) = f iy (s:0<ls
< 4w vl u € P, v & Qwith initial condition = (#;,_,) = v (f;.,). The payoff in I'* is
the functional PHinltigh w @)=V, (6007 <8y
where & (f) is a prolongation of the function ¥ (1) € € [0, tml onto the interval [0, ¢l
given on [¢ ¢;] by the formula

E() =y (ti~1) -+ l(t — ti——l)/ Al () — Y (ti_l)J-

Since ["* satisfies Conditions 1 — 6 and does not contain aftereffect elements, to it we
can apply the results of [8, 91. On the basis of these results it is easy to establish that

the limits |;, VALf,gi Fely (), o )] =lim VAL%z Voo [ (0 0K U =

i1

= lim VAL,j;i Vg o3 l0*(s: 0 <00t
exist and are equal (the limits are taken over all ¢’ > ¢, a’| — 0). Since by the induc-
tive assumption ¢ — ¢ as|{ ¢’ | — 0, the limits V, , ; ; also exist and are equal, The
lemma is proved,
Theorem 3, LetConditions1 — 6 be fulfilled, Then V7 (2) = V (2).
Proof, According to Lemma 3, for any o' 20 5

|V (@) = Vo @) | IV (8 = V3 @) | + 260
In correspondence with Lemma 6, considered for i = 0, the deviation | V«f, o () —

— V;' o+ (¥) | tends to zero as | 6’ | — 0. Therefore, by Theorem 2 the deviation| V" (x)-—
— V- (#) | does not exceed 2 L Q. But & — U when | ¢ | — 0. Consequently,V*(z) = V- ().

5, Let M (N) be the collection of measures p (v) given on a g-algebra of Borel
subsets of set, P () and normed on this set,

p(P) = fdn 1 {v(Q) = Jav - 1)

We set
/ 1/71 u, V] - J‘A.V f ll)7 u, U] d}’-d\’

We denote the original differzntial game, considered in the mixed formulation [8, 9]
by G.In the mixed formulation the development of the game is described by the equation

()= fltoa(s:0<<s<<?), u, v, u =M, v=N

Thus, in (¢ the measures | -~ M, v = N are actually the players’ controls, In this
connection we remark that the sets M, N are weakly compact (see [14], p,791) and
convex, If in the definitions of Sect, 2 we carry out the replacement «, v, P,Q —
—u, v, M, N,we arrive at the corresponding definitions for differential game G. we
denote by (;- the majorant and the minorant of the mixed multistage games correspon-
ding to the covering ¢ X The values of these games we denote by U;".

Theorem 4, LetConditions 3 — 6 be fulfilled, Then in the games (7~ there exists
a saddle point, the values [/, of these games satisfy the relation

U0 (ry) = VAL, Fla(s: 0 s <)) (1 =1 (3)
the limits U () - “1'“ 757 ()
fo-»

exist and are equal, the convergence is uniform in 2 on every bounded subset of space
X, and the functions I/, and their limit values U* (x) - (/7 (x)are subject to a
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Lipschitz condition on X with a constant [¢k#é,

8. Let conditions 2 — 6 be fulfilled, Then there simultaneously exist the generalized
values V' of the differential games I'" and the generalized value U = U* = U- of
differential game G. It is easy to verify that these values are connected by the inequality
Vt> U> V- Consequently, when Conditions 1 — 6 are fulfilled, V*= U = V- = V.

7. We consider the important particular case when the equation of motion (1,1) does
not contain aftereffect elements, i,e,, has the form

@)= flt, z(t), u, vl =P, ve Q) (7.1)
In this case it is of interest to elicit these additional conditions on the payoff functional
under whose fulfillment the differential game with complete information on the current
position (¢, z (t)) has a (generalized) value in pure or mixed strategies,
A functional F is called quasi-additive if there exists a scalar function @(e, f),con-
tinuous on (— 0, oc) X (— o0, oo) possessing the following properties:

D (a, By <P (a, ') foran a, <P
Flz(s:a<<s<<b)l=
=Q[(Fx(s:a<s<<T), Flr(s:T1<<s<< D))

forall 0 <a<<t1<<b<<Y, z(s) = CI[0, 3] Let & (z) be a scalar function, con-
tinuous on X. Then the functionals

=h(z®), F= min h(z(s) = jh(x(s

0<s<h 5

are quasi-additive: in the first case @ (a. f) = B, in the second case @ (a, ) =
= min {c, P} and in the third case @ (a, f) = a +

Theorem 5. LetConditions 3 — 6 be fulfilled, We assume that the functional F
is quasi-additive and that the equation of motion has the form (7,1). Then in the games
[s* (GsT) there exists a saddle point formed by the strategies

{u®y . unt), {v:%...,0,°}

({”107 LEEIEE ] l-"no}9 {V1°1 CERNEE | Vno})

each component of which is independent of z (s : 0 < s <<t ) for i > 1
The proof is obtained from the fact that under the theorem's hypotheses the functions
V:‘fi can be determined by the formulas

VE [y 0<s <P =Fly(s:0<s < B
V;i:i_l e 0s <<t Pl = VALTO (F[y(s: 0 s < Pl V;i:i (Ye (s: £, <s <D=

1

=D (Flys:0<s <l Pl VALEVE [y, (518, s <))
This possibility, in its own turn, is explained by the equalities
Vi (o] = VALEF [z (: 0 <s <B)] (o =1()
which are easily derived from (7, 2) and from the expansion

Flz(s N=DF[r(s: th << s D (- (D(F[x(s:tnﬂgsgtn_l)]
Fla(stt, , <s<t)he)
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